ABSTRACT. The A−B slice problem is a reformulation of the topological 4− dimensional surgery conjecture, in terms of smooth decompositions of the 4− ball. This paper applies the theory of link groups of 4− manifolds, recently developed by the author [9] , to formulate a candidate for an obstruction in the A − B slice program. The strength of this invariant is illustrated by the theorem that it provides an obstruction for the family of model decompositions of D 4 . The problem in the general case is expressed in terms of Alexander duality for link groups.
INTRODUCTION
The surgery conjecture, a core ingredient in the geometric classification theory of topological 4−manifolds, remains an open problem for a large class of fundamental groups. The results to date in the subject: the disk embedding conjecture, and its corollaries -surgery and s-cobordism theorems for good groups [1] , [7] , [8] , [11] -show similarities of topological 4−manifolds with the higher-dimensional developments. On the other hand, it has been conjectured [2] that surgery fails for free fundamental groups.
The A − B slice problem [3] is a reformulation of the surgery conjecture for free groups which seems most promising in terms of the search for an obstruction. In this approach one considers smooth, codimension zero decompositions of the 4−ball, extending the standard genus one Heegaard decomposition of the 3-sphere. The problem may be phrased in terms of the existence of non-abelian Alexander duality in dimension 4. Recently this approach has been sharpened and now there is a precise, axiomatic description of what properties an obstruction, which in this context is an invariant of decompositions of D 4 , should satisfy.
In this paper we use new invariants, link groups, of 4−manifolds introduced in [9] , to formulate a candidate for an obstruction. This invariant unifies and generalizes the previously known partial obstructions in the A − B slice program. To further
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illustrate its strength, we show that it provides an obstruction for model decompositions of D 4 , introduced by Freedman and Lin [6] . The problem in the general case is formulated in terms of (one of the implications of) Alexander duality for link groups. We note that while the approach using link groups, presented here, was developed independently of the axiomatic approach mentioned above (and discussed in more detail in section 3), the overall strategy for the construction of our invariant is essentially forced by the properties that an obstruction has to satisfy.
In a certain imprecise sense, one is looking in the A − B slice problem for an invariant of 4−manifolds which is more flexible than homotopy (so it satisfies a suitable version of Alexander duality), yet it should be more robust than homology -this is made precise using Milnor's theory of link homotopy. The subtlety of the problem is precisely in the interplay of these two requirements. Following this imprecise analogy, we note that link groups in fact provide a theory more robust than homology and more flexible than homotopy, see theorem 9.1 and example 4.7 in [9] and also section 4 in this paper. The remaining question is: Is the theory flexible enough (so it satisfies the full extent of Alexander duality)? This is made precise in sections 4, 5.
4−DIMENSIONAL SURGERY AND THE
The surgery conjecture asserts that given a 4−dimensional Poincaré pair (X, N), Chapter 11) . This result, as well as the 5−dimensional topological s-cobordism theorem, is known to hold for a class of good fundamental groups. In the simply-connected case, this followed from Freedman's disk embedding theorem [1] allowing one to represent hyperbolic pairs in π 2 (M 4 ) by embedded spheres. Currently the class of good groups is known to include the groups of subexponential growth [8] , [11] and it is closed under extensions and direct limits. There is a specific conjecture for the failure of surgery for free groups [2] : Conjecture 2.1. There does not exist a topological 4−manifold M , homotopy equivalent to ∨ 3 S 1 and with ∂M homeomorphic to S 0 (W h(Bor)), the zero-framed surgery on the Whitehead double of the Borromean rings.
In fact, this is one of a collection of canonical surgery problems with free fundamental groups, and solving them is equivalent to the unrestricted surgery theorem. The A − B slice problem, introduced in [3] , is a reformulation of the surgery conjecture, and it may be roughly summarized as follows. Assuming on the contrary that the manifold M in the conjecture above exists, consider the compactification of the universal cover M , which is homeomorphic to the 4−ball [3] . The group of covering transformations (the free group on three generators) acts on D 4 with a prescribed action on the boundary, and roughly speaking the A − B slice problem is a program for finding an obstruction to the existence of such actions. Recall the definition of an A − B slice link [3] , [6] . 
(
. . , n such that all sets in the collection α 1 A 1 , . . . , α n A n , β 1 B 1 , . . . , β n B n are disjoint and satisfy the boundary data:
The surgery conjecture holds for all groups if and only if the Borromean Rings (and the rest of the links in the canonical family of links) are A − B slice [3] . Conjecture 2.1 above can therefore be reformulated as saying that the Borromean Rings are not A − B slice.
As an elementary example, note that if a link L is A − B slice where for each i the decomposition
Of course the Borromean Rings is not a slice (or homotopically trivial) link. However to show that a link is not A − B slice, one needs to eliminate all choices for decompositions (A i , B i ).
DECOMPOSITIONS OF D 4 AND NON-ABELIAN ALEXANDER DUALITY.
In this section we state an attractive, less technical formulation of the A − B slice problem, due to Michael Freedman [4] , [5] . Technically it is not required for the formulation of our invariant in the following section or for the main result of the paper, theorem 5.2, however we include this formulation since it provides a convenient setting for the new invariant.
Let M denote the set of (smooth) codimension 0 submanifolds M of
Choose a "distinguished" curve γ ⊂ ∂M whose neighborhood is the specified solid torus.
Consider invariants of such submanifolds: I : M −→ {0, 1} satisfying axioms 1-4: 
The property relating this question to 4-dimensional topology and which is relevant for the (A, B)-slice problem is summarized in axiom 4.
along the distinguished solid tori in their boundaries, so that γ ′ , γ ′′ form the Bing double of the core of the solid torus. (Note that if both
Remark 3.1. Note that, according to axiom 1, I(M) is an invariant of M and it does not depend on an embedding M ֒→ D 4 . One can require an invariant to be defined on the class of all pairs (4-manifold M , distinguished circle in ∂M ) but only submanifolds of D 4 are relevant for the surgery conjecture, so we restrict the discussion to this class of manifolds.
The essence of this approach to the surgery conjecture is summarized in the following statement: 
Renaming the two pieces in each decomposition if necessary, using axiom 3 one may assume that I(A i ) = 1, for each i. Since Bor is assumed to be A − B slice, there are disjoint embeddings α i :
Consider the Hopf link H = (a, b), and consider the first two components l 1 , l 2 of Bor as the Bing double of the core of a tubular neighborhood of a, and l 3 = b. Viewed from this perspective, the submanifolds α 1 (A 1 ), α 2 (A) combine to give an embedding of the double A 2 ) ). The attaching circles for A, B are a, b respectively. Since α 3 (A 3 ) ⊂ B , by axiom 2, I(B) = 1. Therefore I(A), I(B) both equal 1, a contradiction with axiom 3.
The focus is therefore on the following problem. There is an elementary example of an invariant I h (in fact, in any dimension) satisfying axioms 1-3, given by homology: set I h (M, γ) = 1 if n γ = 0 ∈ H 1 (M; Z) for some non-zero multiple n. Define I h (M, γ) = 0 otherwise. 
Recall that ∂ + A, ∂ + B are solid tori. We need to show that I(A, γ A ) + I(B, γ B ) = 1. Suppose first that both I(A, γ A ), I(B, γ B ) equal 0. This implies that the boundary map in each sequence above is trivial, and rk H 2 (A) = rk H 2 (A, ∂ + A). On the other hand, by Alexander duality rk H 2 (A) = rk H 1 (B, ∂ + B), rk H 2 (A, ∂ + A) = rk H 1 (B). This is a contradiction, since
On the other hand, I(A, γ A ), I(B, γ B ) cannot both equal 1, since the linking number of γ A , γ B in ∂D 4 is 1. Therefore I h satisfies axiom 3.
However I h clearly doesn't satisfy axiom 4:
is obtained from the collar S 1 × D 2 × I by attaching two 2-handles along the Bing double of the core of the solid torus, so this core is not trivial
Are there any other invariants? In the following section we outline a construction of a new invariant of decompositions, I λ , based on the theory of link groups.
LINK GROUPS AND A CANDIDATE FOR AN OBSTRUCTION.
To formulate the invariant I λ , recall the definition of flexible (Bing) cells and link groups λ(M) introduced in [9] . The definition is inductive.
Definition 4.1.
A model Bing cell of height 1 is a smooth 4-manifold C with boundary and with a specified attaching curve γ ⊂ ∂C , defined as follows. Consider a planar surface P with k + 1 boundary components γ, α 1 , . . . , α k (k ≥ 0), and set
Here for each i, L i is the (possibly iterated) Bing double of the core α i . Then C is obtained from P by attaching zero-framed 2-handles along the components of
The surface S (and its thickening S ) will be referred to at the body of C , and the 2-handles are the handles of C .
A model Bing cell C of height h is obtained from a model Bing cell of height h − 1 by replacing its handles with Bing cells of height one. The body of C consists of all (thickenings of) its surface stages, except for the handles. Remark 4.2. To avoid a technical discussion, the definition presented here involves only the links L which are Bing doubles. To reflect this difference, we reserve for these objects the term Bing cells rather than the more general flexible cells introduced in [9] . The definition in [9] involves more general homotopically essential links, however just the Bing doubles suffice for the applications in this paper. 4.3. The associated tree. Given a Bing cell C , define the tree T C inductively: suppose C has height 1. Then assign to the body surface P (say with k + 1 boundary components) of C the cone T P on k + 1 points. Consider the vertex corresponding to the attaching circle γ of C as the root of T P , and the other k vertices as the leaves of T P . For each handle of C attach an edge to the corresponding leaf of T P . The leaves of the resulting tree T C are in 1 − 1 correspondence with the handles of C .
Bing cells in a
Suppose C has height h > 1, then it is obtained from a Bing cell C ′ of height h − 1 by replacing the handles of C ′ with Bing cells {C i } of height 1. Assuming inductively that T C ′ is defined, one gets T C by replacing the edges of T C ′ associated to the handles of C ′ with the trees corresponding to {C i }. Figure 2 shows the tree associated to the Bing cell in figure 1 .
Divide the vertices of T C into two types: the cone points corresponding to body (planar) surfaces are unmarked; the rest of the vertices are marked. Therefore the valence of an unmarked vertex equals the number of boundary components of the corresponding planar surface. The marked vertices are in 1 − 1 correspondence with the links L defining C , and the valence of a marked vertex is the number of components of L plus 1. It is convenient to consider the 1−valent vertices of T C : its root and leaves (corresponding to the handles of C ) as unmarked. This terminology is useful in defining the maps of Bing cells below. The height of a Bing T C FIGURE 2. The tree associated to the Bing cell in figure 1. cell C may be read off from T C as the maximal number of marked vertices along a geodesic joining a leaf of T C to its root.
Definition 4.4.
A Bing cell is a model Bing cell with a finite number of self-plumbings and plumbings among the handles and body surfaces of C , subject to the following disjointness requirement:
• Consider two surfaces A, B (they could be handles or body stages) of C . Let a, b be the corresponding vertices in T C . (For body surfaces this is the corresponding unmarked cone point, for handles this is the associated leaf.) Consider the geodesic joining a, b in T C , and look at its vertex c closest to the root of T C -in other words, c is the first common ancestor of a, b. If c is a marked vertex then A, B are disjoint.
In particular, self-plumbings of any handle and body surface are allowed. In the example shown in figures 1, 2 above, the handle h 1 is required to be disjoint from h 2 , h 3 is disjoint from h 4 ; all other intersections are allowed.
A Bing cell in a 4-manifold M is an embedding of a Bing cell into M . We say that its image is a realization of C in M , and abusing the notation we denote its image in M also by C .
The main technical result of [9] shows how Bing cells fit in the context of Milnor's theory of link homotopy. This theorem is used in the analysis of the invariant I λ below. Recall [12] that a link L in S 3 is homotopically trivial if L is homotopic to the unlink, so that different components stay disjoint during the homotopy. The theorem above builds on a classical result that if the components of L bound disjoint maps of disks in D 4 then L is homotopically trivial. The proof of theorem 4.5 is substantially more involved than the argument in the classical case. This is due to the topology of Bing cells which forces additional relations in the fundamental group of the complement. The main new technical ingredients in the proof are the generalized Milnor group and an obstruction which is well-defined in the presence of this additional indeterminacy, see [9] .
The Bing groups β n (M) are defined as {based loops in a 4−manifold M} modulo loops bounding Bing cells of height n. These groups fit in a sequence of surjections
Remark 4.6. Since flexible cells in [9] are more general than Bing cells considered here, the Bing group β n (M) surjects onto the link group λ n (M) introduced in [9] .
The groups β n (M) and λ n (M) are topological but not in general homotopy invariants of M . In particular, they are not correlated with the first homology H 1 (M), or more generally with the quotients of π Remark 4.10. For the interested reader we point out the "geometric duality" between Bing cells and gropes. Recall the definition [7] : A grope is a special pair (2-complex, circle). A grope has a class k = 1, 2, . . . , ∞. For k = 2 a grope is a compact oriented surface Σ with a single boundary component. For k > 2 a kgrope is defined inductively as follow: Let {α i , β i , i = 1, . . . , genus} be a standard symplectic basis of circles for Σ. For any positive integers p i , q i with p i + q i ≥ k and p i 0 + q i 0 = k for at least one index i 0 , a k -grope is formed by gluing p igropes to each α i and q i -gropes to each β i . A grope have a standard, "untwisted" 4−dimensional thickening, obtained by embedding it into R 3 , times I . 
In view of the discussion in sections 2, 3 this lemma implies the following result. In particular, the theorem applies in the central case: L = the Borromean rings.
Proof of lemma 5.1. It suffices to prove that given a model decomposition D 4 = A ∪ B , either γ A = 1 ∈ β(A) or γ B = 1 ∈ β(B). Then theorem 4.5 implies that precisely one of these two possibilities holds. The proof of the statement above is inductive. Consider a model decomposition of height 2, and moreover assume that the surface Σ has genus 1, figure 3 . This is the central inductive step. Recall the following result from [10] . 
